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Exercise. Prove that if u : C — R is a harmonic function which is bounded below (i.e. there exists
a real number C' such that u(z) > C for all z € C), then u must be constant.

Solution.

u 1s harmonic = Ugy + Uyy =0

Theorem: A function is holomorphic IFF its real and imaginary parts are harmonic

If v is harmonic, Jv s.t. f = u + v is holomorphic
= e """ is analytic on C and

e = e fe )
< le™
= e_u

<e©, since —C > —u(z) for all z € C
= e %% ig entire and bounded.
By Louiville’s Theorem, e “~ is constant.
—> —u — v is constant
— wu is constant




